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1. Introduction

A large body of literature has developed that seeks to explain the phe-
nomenon of credit rationing, by appealing to the existence of asymmetric infor-
mation in the credit market. There are basically two kinds of explanations in this
line of research: explanations based on adverse selection and those based on
moral hazard. The seminal work of Stiglitz and Weiss (1981) is an example of the
former. In their model, the bank cannot observe the riskiness of a firm’s project,
and the return to the bank is affected by the possibility of firm’s default. They ar-
gue that, under limited liability on the part of the firm, raising the interest rate of
the loan does not necessarily increase the return to the bank because, when fac-
ing a higher interest rate, only those firms with more risky projects will still de-
mand credit while the less risky ones will drop out of the market. This adverse se-
lection effect prevents the bank from raising interest rate to eliminate the excess
demand in the market and credit rationing ensues.

As an example of the moral hazard approach, Bester and Hellwig (1987)
consider the possibility of credit rationing as a result of borrowers’ hidden action.
The borrower can choose between a «good» and «bad» investment project,
characterized by the projects’ different return distributions (i.e. riskiness), after
having obtained the funds from the lender. With limited liability the borrower’s
project choice has an impact on the return to the lender, yet the loan contract
cannot prescribe the choice before the project is undertaken. Under such circum-
stances credit rationing again arises, this time as a consequence of the post-
contractual+++ informational asymmetry between the lender and the borrower,
as opposed to the hidden information in the above model of Stiglitz and Weiss
which represents the pre-contractual informational asymmetry.

Though differing in their special form of hidden information or hidden ac-
tion, other models in the literature are all based on either adverse selection or
moral hazard in their explanation of credit rationing, that is, the incentive struc-
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tures in those models are all one-dimensional. In many real-world applications,
however, pure one-dimensional adverse selection or pure one-dimensional moral
hazard can hardly capture the essence of the economic problem involved. There
is clearly a need to study multi-dimensional incentive structures in their relation to
credit rationing. Hellmann and Stiglitz (2000) attempt a first step in this direction
by introducing two-dimensional private information (about both the expected re-
turn and risk of the firm’s project) in a model of credit and equity rationing. As it
turns out, the introduction of the richer form of informational asymmetry leads to
some conclusions that are different from those in previous work on the subject.
For example, they show that credit and equity rationing are compatible in their
environment, in contrast with the results of DeMeza and Webb (1987) where ei-
ther credit or equity rationing disappears when the asymmetric information is
one-dimensional about either the expected return or risk of the project.

In this paper we introduce multi-dimensional incentive structure in a differ-
ent direction in our study of credit rationing. We allow adverse selection and
moral hazard to be simultaneously present in a hybrid model. The particular form
of pre-contractual informational asymmetry is motivated by the observation that
credit markets in many less developed countries are rather opaque in the sense
that a lender may not easily observe a borrower’s financial status when the latter
applies for a loan. This hidden information of the borrower, in the form of pre-
existing debts, poses a risk on the lender because it affects the borrower’s ability
to repay the debt. We model the loan contracting problem between the lender
and the borrower as a screening game in which the borrower not only self-selects
the lender’s contract offers but also subsequently chooses a level of work effort
optimally. Since the return to the lender depends partially on the borrower’s
choice of work effort in a stochastic fashion, this generates endogenously the risk
faced by the lender. This endogeneity of risk in our model thus stands in contrast
with the exogenous risk in other credit rationing models in the literature. For ex-
ample, in the above papers of Stiglitz and Weiss (1981) and Bester and Hellwig
(1987), the riskiness of firm’s project is simply assumed as an exogenous ele-
ment of their respective model. The risks in the models of Milde and Riley (1988)
and Gale and Hellwig (1985) are also exogenous; the former introduces risk with
an abstract random variable while the latter interprets it as arising from, say, the
uncertainty about the future price of entrepreneur’s output.

In addition to the issue of exogenous vs. endogenous risk in credit ration-
ing models, a criticism has been raised about the exogenous nature of the loan
contract between the lender and the borrower. In early research on credit ration-
ing the loan contract is exogenously specified as a standard debt contract which
requires the borrower to repay a fixed pre-specified amount, and is offered to all
potential borrowers without discrimination. To address this problem Wette (1983),
Bester (1985a) and Besanko and Thakor (1987), for example, explore the idea of
screening by collateral requirements in which borrowers self-select the lender’s
loan offers consisting of the interest rate and an associated collateral require-
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ment. Bester (1985b), Milde and Riley (1988), and Grinblatt and Hwang (1989),
on the other hand, introduce variable loan sizes as a screening device for the
lender. In our model, loan size is also variable which the lender uses as a second
instrument besides the interest rate to screen borrowers.

The literature, following Keeton (1979), distinguishes between two different
types of credit rationing. Type | credit rationing is said to occur when borrowers ob-
tain a smaller loan than they would like to get at the lender’s quoted interest rate.
Type Il credit rationing, on the other hand, refers to a situation where, among a
population of observationally indistinguishable borrowers, some borrowers obtain a
loan from the lender while others do not. With fixed investment needs by all poten-
tial borrowers it is not possible to address the issue of type | credit rationing be-
cause all the lender’s loan offers will be of an all-or-nothing nature. In our environ-
ment, under certain parameter values of the model, we show that type Il credit ra-
tioning exists for one type of borrowers, while for the other type of borrowers a
phenomenon opposite to type | credit rationing, namely, credit forcing occurs in the
credit market: the borrower is «forced» to accept a larger loan than she wishes to
obtain at the lender’'s quoted interest rate. While the loan size granted to the bor-
rower is not the most desirable from her point of view, it is nevertheless the con-
strained optimum level of investment. In these respects our paper is close to De-
Meza and Webb (1992) although they study an environment with symmetric infor-
mation and exogenous risk and their focus is exclusively on type | credit rationing.
The results we obtain are in contrast with theirs, on issues such as whether or not
credit rationing can arise in a monopolistic market as well as the role of unob-
servability of borrowers’ indebtedness and the priority rule for debt repayment in
credit rationing. One distinctive feature of our analysis is that we unambiguously
establish the existence (or non-existence) of credit rationing for a range of different
parameter values in the model, whereas most previous papers in this area merely
establish the possibility of credit rationing. Indeed, as Hellmann and Stiglitz (2000)
put it, «ideally one would like to have a general characterization of how these pa-
rameters translate into the existence of rationing equilibria» but «this turns out to
be analytically not tractable [in our model].» From a methodological point of view,
then, our paper contributes to the existing literature by exploring a fairly general yet
tractable model of credit rationing.

This paper is also related to the literature on non-exclusive contracts. Park
(2004), for example, considers the moral hazard contracting problem between
one single borrower and a lender in a model in which the borrower decides on an
interim wealth level which subsequently becomes her private information through
borrowing in an outside credit market, before contracting with the new lender. In
this respect our model is similar to his in that the borrower’s pre-existing debt is
also her private information. Bizer and DeMarzo (1992), in their study of sequen-
tial banking, considers an environment in which the lender cannot observe the
borrower’s future borrowing from other lenders; in our environment, by compari-
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son, it is the borrower’s past borrowing from prior lenders that is unobservable to
the current lender.

The rest of the paper is organized as follows. Section 2 describes the na-
ture and cause of opaque credit markets and presents the formal model. Section
3 derives the optimal contracts under symmetric information as a benchmark
case. We analyze in Section 4 the screening equilibria with unobservable debis.
Section 5 provides an examination of the implications of the screening equilibria
for credit rationing. Concluding remarks are contained in Section 6.

2. The Environment

2.1. Opaque Credit Markets
and the Coexistence of Multiple Debts

Borrowers in the credit markets often have multiple sources from which to
obtain funds. The consumer credit market provides a good example. In the
United States, it is common for consumers to hold several credit cards issued by
different lending banks. Bisin and Guaitoli (2004) estimate that on average a typi-
cal American household has more than seven credit cards. Most credit card
debts are unsecured and thus are subject to default. As documented by Petersen
and Rajan (1994, 1995), small businesses are also frequently able to borrow
from multiple lenders. In Europe, multiple sources of credit are even more preva-
lent (Detragiache, Garella and Guiso, 2000). In all these instances debt owed by
a borrower to one lender imposes an externality on another lender, because the
higher the borrower’s indebtedness the higher is the risk of default to a lender.

While it is practically impossible to restrict borrowers’ access to multiple
sources for loans, institutions have been created to alleviate the problem of in-
formational asymmetry between the lenders and borrowers which may arise in
their absence. Credit bureaus are such an example. Lenders participating as
members of a credit bureau share information, for example, on their common
debtors’ financial status. When a consumer applies for a line of credit from a
bank, her total indebtedness to date, among other things, will be checked by the
bank using information gathered from various credit bureaus. If it is determined
that her total debt is too high relative to her perceived ability to repay (e. g., as
indicated by her annual income), the application will likely be turned down.

Although countries like the United States and Britain have a relatively ma-
ture system of consumer information sharing among lenders, in other countries
like Belgium, ltaly and Spain, such information sharing is minimal (Pagano and



JOURNAL 373
OF EUROPEAN ECONOMY
September 2013

Jappelli, 1993). And in some less developed countries such information sharing
is virtually non-existent which partly accounts for the slow development of the
consumer credit industry in these countries'. Furthermore, in most countries,
there are regulations credit bureaus must observe which forbid the collection of
certain types of consumer information; for example, information on debts owed to
friends, family members and other private money lenders is generally not col-
lected by credit bureaus. Though in principle lenders themselves may try to find
out about a borrower’s private debts by incurring a cost, such cost may prove so
prohibitively high as to render the practice impossible®.

In light of these institutional realities in the credit markets we model a bor-
rower’s indebtedness at the time of applying for a new loan as unobservable to
the lender, following Bizer and DeMarzo (1992)3. We also assume in the event of
a borrower’s bankruptcy that she pays off her prior debts with whatever she is
able to, before repaying the new lender’s loan. This assumption can be justified if
debts are prioritized, i. e., if senior debts retain priority over junior ones in getting
repaid in bankruptcy. Alternatively, even if debts are not prioritized in the legal
sense, they are nevertheless prioritized from the borrower’s perspective; that is,
when it comes to repaying debts, the borrower’s preferences are such that earlier
creditors get repaid before later ones can receive any payment. This is particu-
larly true in many less developed countries where a large fraction of consumer
debts are those owed to private parties such as friends and family members of
the borrower. In the absence of necessary legal institution to enforce debt re-
payment in those countries, the borrower has both the incentive and the means
to make sure that debts owed to her «preferred» lenders get paid off first*.

2.2. The Loan Contract

The credit market consists of a monopolist lender and a large population of
borrowers. The borrowers for some reason have incurred a certain amount of
debt in the past, and are currently in a state of financial distress. They do, how-
ever, own a productive technology which, if funded by appropriate amounts of in-
vestment, can produce sufficient output to pay off the existing debts. Borrowers

! According to lwasaki (2004), in China, among all bank cards issued as a mean of
payment, only 5% are credit cards in the usual sense; the rest are what one will call debit
cards in the US which require the card holder to maintain deposits with the issuing bank.
See, also, Li et al (2005).

2 The related literature on costly state verification addresses a similar point; see, for
example, Townsend (1979), Gale and Hellwig (1985), and Williamson (1986, 1987).

% In the context of sovereign debt Kletzer (1984) studies a model in which banks are
unable to observe borrowers’ total indebtedness.

* See Longhofer and Carlstrom (1995) and Longhofer (1997) for a related issue.
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differ in their indebtedness: some have a pre-existing debt d, , while others have
a pre-existing debt d,, with 0<d; <d, . Borrowers are otherwise identical as

described below, and they are henceforth referred to as L-borrowers and H-
borrowers respectively according to the level of their pre-existing debt.

With a first-period investment /e [0, ), each borrower using her technol-
ogy and an input of work effort ee [0,1) can produce a second-period output
F(l,e). Output increases with effort level in the sense of first-order stochastic
dominance. Specifically, we assume that F has a multiplicative form:
F(l.e)=f()Z(e), where fsatisfies f(0)=0, f (0)=o, f >0, f (=)=0 and f <0,
and is a 0—1 random variable with prob{Z(e)=1}=e, and prob{Z(e)=0}=1-e,
i. e., a higher effort level leads to higher probability of success for any fixed

amount of investment. Each borrower has the following utility func-
tion: U(w,e) = u(w)—g(e), defined over her second-period wealth w and effort

level e, where u satisfies u(0)=0,u' >0 and u <0, and g satisfies g(0)=0,

g(1)=, g'(0)=0, g >0 and g~ >0° Thus the borrower is risk-averse in
wealth and a higher effort level costs her more in utility terms.

The lender is risk-neutral who operates in the market attempting to maxi-
mize his expected second-period profit. He raises loanable funds on the deposit
market where the supply of funds is infinitely elastic at interest rate p. This
means that the lender may obtain funds in any amount he desires at that rate
should he decide to invest in a borrower’s technology®. Without loss of generality
we assume p=0.

All parties have limited liability. First, the borrower assumes limited liability
to the lender. That is, if the borrower goes bankrupt in the second period her final
wealth is guaranteed no less than zero. Second, the lender has limited liability to
the borrower’s prior creditors: when the borrower fails to repay her prior debts the
new lender cannot be held responsible to pay off those debts on behalf of the
borrower. Finally, the lender’s liability to his depositors is also limited.

We model this investment process as a two-stage game as follows. In the
first period, after having identified an investment opportunity, the lender raises
funds on the deposit market and subsequently offers a loan contract, (/, r), to the

® An example of g satisfying these properties is g(x)=-In(1—x)—x, 0< x <1.

® Early literature on credit rationing relies on the availability doctrine to explain the
phenomenon: it is the limited availability of loanable funds that causes banks to ration
credit. The assumption of an infinitely elastic supply of loanable funds makes arguments
based on availability doctrine irrelevant and allows one to focus on the role of asymmetric
information in causing credit rationing.
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borrower, where /is the size of the loan and r the interest rate.” When offered a
loan contract the borrower either declines the offer, in which case she ends up
with zero final wealth and hence zero utility in the second period; or she accepts
the offer, in which case she heads off to work and privately chooses an effort
level e to produce a second-period output. If she does accept the offer then, in
the second period, she repays her debts subject to limited liability and the priority
rule for debt repayment (i.e., earlier debts get repaid before later ones can). For
simplicity we adopt a tie-breaking rule by assuming that the borrower always de-
clines a contract offer whenever she if indifferent between declining and accept-
ing the offer, and the lender always chooses not to make an offer whenever he is
indifferent between making and not making the offer.

3. Optimal Loan Contracts
with Observable Debts

We wish to characterize the subgame perfect equilibrium (SPE) of this
contracting game and in the process derive the lender’s optimal loan contracts.
Subgame perfection requires that the borrower’s strategy cannot prescribe that
she forgo the contracting opportunity with the lender when the latter’s loan offer
in the first period will give her a positive utility level in the second period. This re-
quirement effectively eliminates empty threats by the borrower in order to get bet-
ter loan terms in the equilibrium. In this section, we first examine as a benchmark
case the situation in which the borrower’s private information about her prior debt
is observable to the lender.

When a loan contract is offered to the borrower, she must decide whether
to accept or decline the offer. The following lemma establishes the condition un-
der which the borrower will accept the lender’s loan contract.

Lemma 1. An i-borrower will accept the loan contract (I;,r;) if and only if
f(l;)—d; = (1+r;)l; >0. When this condition is satisfied the borrower chooses an

effort level e; which is the unique solution to g (e;) = u(f(l;)—d;, —(1+r;)I;).
Proof. See Appendix.

Having established the necessary and sufficient condition for the bor-
rower’s acceptance of a loan contract, we now turn to the analysis of the SPE of
the screening game under various conditions concerning the parameter values of
the model. But before proceeding we first establish another lemma and define

” As pointed out by DeMeza and Webb (1992), in banking practice borrowers are usually
quoted an interest rate and a loan size simultaneously. This is also true of credit card
offers: applicants are provided with an interest rate together with a credit line.
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two quantities, /| and h , that will be needed frequently in later analyses. The
lemma is straightforward so we state it without proof.

Lemma 2. There exists a unique I" € [0,%) such that f(I")—I" > f(l)—1 for
any le [0,00). Moreover I' >0,f(I")=1 and h" =f(I")-I">0.

As the pre-existing debts are observable the lender can perfectly discrimi-
nate among the borrowers by offering each type of borrowers a possibly different
loan contract. Since the lender is risk neutral maximizing his total expected profit
is equivalent to maximizing his expected profit from each borrower type, whether
the returns to investments in the two borrower types are independent or not. The
lender’s expected profit from the i-borrower, if the latter accepts the contract
(I:;,r;) and chooses an effort level e; as given in Lemma 1, is given by

7, = Elmax{min{max{ f(1)Z(e,)—d,,0},(+ ).} =10} le] (1)

Note that the two max’s in the above expression, in their order of appear-
ance, reflect respectively the limited liability of the lender to his depositors and
that to the borrower’s prior creditors. The i-borrower’s expected second-period
utility, if she accepts the loan contract (I;,r;) with f(l;)-d;—(1+r;); >0 and

chooses an effort level g, , is given by

Ei=e-u(f(l)—d;—(1+r)l;)-9(e;) (2)
We derive the SPE for each of the following three cases in turn. Case 1:
h* <d,;Case?2: d, <h"<dy;and Case3: dy<h".

Case 1: h"'<d,. Then h*<d,i=LH. Since, by Lemma 2, | is the
unique maximum for f()-/ andh*=f(I")-I", we have, for any contract of-
fer(l,,r;), that f(l;)—d;=(1+r ), <f(I")-I"=d; —rl;=h"-=d;, —r:l, <0 . By Lemma

1, neither borrower type will accept the contract, and consequently the lender will
make offer to neither borrower type. This leads to the following theorem.

Theorem 1. If h <d, , then there is a unique SPE outcome of the game in
which the lender makes no contract offer to either borrower type.

Case 2: d, <h"<d, . First of all, the H-borrower will decline any offer
from the lender, and thus the lender will make no contract offer to this borrower
type in the SPE, as the analysis in Case 1 shows. For the L-borrower, knowing
that by offering a contract (/,,r, )with f(l, )—d, —(1+r, ), <0 he will earn a zero
profit in the second period because the L-borrower will decline such an offer, the
lender will try to offer (/,,r; ) such that f(l,)—d, —(1+r, )l >0, in order to get a
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positive expected second-period profit. Then, since f(l,)-d, —(1+r )/, >0 im-
plies that f(I, )-d, >(1+r, )l; 20, the lender’s expected profit m, , from (1), is
m, =e.nl; . The lender’s problem is to maximize m, subject to the L-borrower
accepting the contract and her rule for choosing e, as described in Lemma 1.
That is, the lender solves the following maximization problem/

Maximize e;rl;
s. t
g'(e.)=u(f(l,)-d —(1+r.)l.) 3)
fl,)-d,—(+r )l >0 (4)

The conditions derived from the Lagrangian for this problem are

rnl —Ag' (e )=0 (5)
el — Alu'(fl,)—dy = (1+1,.)l,)=0 (6)
er —A(1 +rL)_f’(/L))U’(f(/L)_dL -(1+r )l )=0 (7)

where A is the multiplier associated with the constraint (3), plus constraints (3)
and (4). From (6) and (7) we get

Fl,)=1 (8)
which, by Lemma 2, implies /, =/ . And (5), (7) and (8) yield
eg (e )=rilu (f(l)~dy ~(1+r )l ) (9)

Now, with /, =/*, the problem reduces to finding e,,r, which satisfy

g'(e)=u(f(l")—d, —(1+r.)") (3)
eg (e )=rlu(f(l")—d, —(1+r.)") (9)
f(r)- d-(1+n >0 (4"

Writing A=f(I")-1I"—d, , (3, (9'), (4') become respectively
g'(e)=uA-nl") (3")

eg (e )=rl"u(A-rl") (9")
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Note that A>0, since f(I")-I"—d, =h"—d, >0 by assumption. For use
in later analyses we list below the corresponding constraints for the H-borrower:

g'(ey)=u(f(l")—dy—(1+ry)I") (3%)
eng (ey)=ryl U (f(I")—dy—(1+ry)I") (9*)
f(/*)—dH—(1+rH)l* >0 (4"

Proposition 1. There exists a unique solution (r,,e, ) that satisfies (3"),
(9") and (4").

Proof. It's clear that for each 0<r; slé, there is a unique ¢, € [0,1) that
satisfies (3"). Thus (3") uniquely defines e, as a function of r, : ¢, =p(r, ) for

0<rn <

(3
lé' It is easily seen that p is a strictly decreasing function and is continu-

ous, with PO =8 @A) >0 anq nA)_¢
I
In the same way, (9") uniquely defines e, as a function of r; :

e, =q(r,).Then q is strictly increasing and continuous, with q(0)=0 and

q(lé)>0 ,since u >0 and e, g (e, ) is increasing in e, because g~ >0.

Thus finding a solution to (3"), (9") and (4") reduces to finding (r;,e, ) that
satisfies e, =p(r, ), e, =q(r,) as well as (4"). Consider s(r, )=p(r;)—q(r; ).
Then s is continuous and decreasing in r,, s(0)=p(0)-q(0)>0 and

s(}é):p(/—é)—q(?ko. By the intermediate-value theorem, there exists a

unique r, such that 0<r; </—é and s(r; )=0, or equivalently, p(r, )=q(r, ). Let
e, =p(r,)=q(r, )>0.Then (r;,e, ) is indeed the unique solution to (3") and (9").

Since 0<r; </—é , this solution satisfies (4") also. Q.E.D.

We can now state the theorem about the SPE for the case d, <h" <dj, .
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Theorem 2. If d, <h" <dy,, then there is a unique SPE outcome of the
game in which the lender offers the H-borrowers no contract and offers the L-

borrowers a contract (I,,r,) where |, =I" , and r, = r: , the unique solution to the
equations (3) and (9); the contract is accepted by the L-borrowers; the L-
borrowers receive positive expected utility and the lender earns a positive ex-
pected profit in the second period.

Case 3: d, <h".Then d; <h",i=L,H . Since the lender can perfectly dis-
criminate between the two borrower types, his maximization problem consists of
maximizing his expected second-period profit from each borrower type. Clearly,
the analysis for Case 2 carries over to the present case so we can establish the
following theorem.

Theorem 3. If d,; <h", then there is a unique SPE outcome of the game
in which, for i=L,H, the lender offers the i-borrowers a contract (I;,r;), where

li=I",and r, = r,-i , the unique solution to (3) and (9') or (3*) and (9%) depending
on whether i = L or H; the two contracts are accepted by the respective borrower
types; the i-borrowers receive positive expected utility and the lender earns a
positive expected profit in the second period.

4. Self-selection of Borrowers

In this section we investigate the screening problem when the borrowers’
pre-existing debts are unobservable to the lender. Not knowing to which type a
borrower belongs, the lender’s best guess is that the borrower is as likely an L-
borrower as an H-borrower®. A pure strategy for the lender consists of choosing

two loan contacts (/',r') and(/",r"), to be offered simultaneously to the borrow-
ers. A pure strategy for a borrower, when facing the two contracts from the
lender, is to decide whether to accept(/',r'), (I',r" ), or neither. If the borrower

accepts one of the two contracts, she also needs to choose a corresponding ef-
fort level as part of her pure strategy. We adopt a tie-breaking rule that if a bor-
rower is indifferent between two acceptable contracts she always accepts the
one with the larger loan size. In this way, the borrowers self-select the lender’s
contract offers.

The three cases in the last section are again considered in turn, in our
search for the SPE under asymmetric information. As it turns out, Cases 1 and 2

8 An equivalent interpretation of this assumption is that half of the borrower population are
L-borrowers and another half are H-borrowers.
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yield essentially the same SPE outcomes as those described in Theorems 1 and
2 respectively. To see this, consider for example Case 2 whered, <h* <dj, . Al-

though he cannot observe the actual pre-existing debts of the borrowers, realiz-
ing that no contract will be accepted by the H-borrower, the lender's maximiza-
tion problem in the current situation of asymmetric information is essentially the

same as that in Section 3 for the same cased; <h" <dy . More precisely, there
is a uniqgue SPE outcome of the game, in which the lender offers all borrowers

the same two contracts, (/',r') and (I',r"), where I'=/*, and r =r, , the unique
solution to (3') and (9", and (I',r") is some arbitrary loan contract satisfying
f(I")—d, —(1+r")I" <0 ; the L-borrower accepts the contract (/',r') and the H-

borrower accepts neither (/',r') nor (I",r"); and the second-period payoffs to the
two parties are the same as those in Theorem 2.

Therefore, dy <h® it is the more interesting case which might give rise to

different SPE outcomes than those in Theorem 3, under the current condition of
asymmetric information about the borrowers’ pre-existing debts. We henceforth
restrict our attention to this case.

4.1. Non-existence of Fully-separating Equlibria
Assume dy<h'. We first partition the lenders strategy space,
5
D={(I.r),(I"r")}, into five disjoint subsets: D=[JD;, where
j=1

D, ={((1,r),(I",r"))|. The H-borrower accepts one of the two contracts and the L-
borrower accepts neither}, D, ={((/,r"),(I",r"))|. The L-borrower accepts one of
the two contracts, the H-borrower accepts the other, and (/,r’)=(/",r")},
Dy ={((I',r),(I",r"))| . The L-borrower accepts one of the two contracts and the H-
borrower accepts neither}, D, ={((/,r"),(",r"))|. The L-borrower accepts neither
and the H-borrower accepts neither}, Dy ={((/,r"),(/",r"))|. The two borrower
types accept the same one contract}.

Definition. An SPE of the screening game is called fully-separating if the
lender’s strategy in this SPE lies in D, ; it's called semi-separating if the lender’s
strategy lies in D; u D5 ; and it’s called pooling if the lender’s strategy lies in Dj .
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We show that some of the D; ’s are actually empty and thus narrow down
the search area for the SPE of the screening game.

Proposition 2. D, is emply.

Proof. Suppose D, is not empty. Let ((I',r'),(I",r"))e D, . Without loss of
generality suppose the H-borrower accepts (/',r ). By Lemma 1, it must be the
case that f(I')-dy—(1+r )/ >0. But then f(I')—d, —(1+r )l >0, which, by
Lemma 1, implies that the L-borrower also accepts (/',r'). Hence
((I',r' ),(I",r" ))& Dy , a contradiction. Q.E.D.

Proposition 2 implies that the only possible semi-separating SPE are those
in which the lender’s strategy lies in Dy . We next show that D, is also empty.

The proof makes use of the following lemma.

Lemma 3. Let t(e)=eB;—-g(e),i=1,2, be two functions defined on
0<e<1. Denote by T, their corresponding maximum value. Then the following
holds: for B;e (0,2), T,>T, if and only if B, >B, ; and hence T, =T, if and
onlyif Bj =B, .

Proof. See Appendix.

Proposition 3. D, is empty.

Proof. Suppose D, is not empty. Let ((I',r' ),(I",r" ))e D,. Without loss of
generality suppose the L-borrower accepts (/',r') and the H-borrower accepts
(I",r"). It follows by Lemma 1 that

f(I')-d, —(1+r' ) >0 (10)
f(I")—dy—(1+r" )" >0 (11)

Let e,,ey be, respectively, the corresponding effort choice of the L-
borrower and the H-borrower. Then

vy =eu(fl)—d —(1+1 )l )-g(e, ),

Vi =enu(fl )= dy = (141" )" )~gley)

are the second-period expected utility for the L-borrower and the H-borrower re-
spectively.
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Now consider what the L-borrower’s expected utility would be if she, in-
stead of (I',r'), were to choose (I',r"). Let e, be her corresponding effort level
choice. Then the L-borrower’s second-period expected utility is given by

Vi = epu(fl’)—dy = (141" )" )= glewy ).

Similarly, if the H-borrower were to choose (I',r’) instead of (I',r"), her
second-period expected utility would be

Vi = e (f(l')—dy—(1+1 ) )-g(ew ),
where ey, is her corresponding effort level choice when she chooses the con-
tract (I',r ).

The fact that the L-borrower accepts (/',r') rather than (I",r") means that

either v, >v,,, or v, =v,;, and I" </ (recall the tie-breaking rule for the bor-
rowers’ acceptance of loan contracts), which in turn means either

f(l’)—dL—(1+r’)l’>f(l”)—dL—(1+r”)l” (L1)
or

FW)y=d, (147 = f()~d, — A+ (L2)
and /" </, by (10), Lemma 3, and the fact that u is a strictly increasing function.

Similarly, the fact that the H-borrower accepts (/',r") rather than (I',r’)
means either

fO)=d, =A+"> f()=d, A+ 1) (H1)
or
FWy=dy =+ = () ~d, — A+ (H2)

and /' < /.

It is a straightforward exercise to show: (L1) and (H1) together yield a con-
tradiction, so do (L1) and (H2) together, (L2) and (H1) together, and (L2) and
(H2) together. These contradictions complete the proof of the proposition. Q.E.D.

Strictly speaking, we need to address the following question for the sake of
completeness: which contract will a borrower accept if she is indifferent between
two different contracts yet the two contracts have the same loan size? It can be
easily shown that the borrower cannot be indifferent between two different con-
tracts with the same loan size, given that both contracts are acceptable to her.
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A corollary to Proposition 3 is that a fully-separating equilibrium does not
exist, which we state as a theorem.

Theorem 4. Assume d, <h . In the contracting game in which the bor-

rowers’ pre-existing debts are unobservable to the lender and the lender screens
the borrowers, there exists no SPE that is fully-separating.

4.2. Pooling and Semi-separating Equlibria

Now that D, and D, are empty we may in the search for an SPE restrict
our attention to Dy uD, u D5 . However, an SPE cannot exist in which the
lender’s strategy is taken from D, , for by Theorem 2 he can do strictly better
(i.e., earn a positive vs. zero expected profit in the second period) by deviating to
a strategy in D; (D, is not empty since any contract pair ((/',r ),(I",r")) satisfy-
ing fI')—d, —(1+r )l >0, fI')=dy —(1+r ) <0 and fI")-dy—(1+r )| <0
is in Dy ). Thus the search area for an SPE is further reduced down to Dy U D5,
from which the lender chooses his best strategy.

In what follows we examine the conditions under which a pooling or semi-
separating SPE exists. For expositional convenience we collect below some of

the objective functions, constraints, optimization problems and other quantities to
be referenced frequently in later analyses.

Obijective functions:

1 1
Ire ,eq)=—e rl+—eyrl,
o(lre..ey) 5+ en

o(l,re;) z%eLr/ .
Constraints:
g'(e,)=u(f()—d, —(1+ 1)) (12)
g (e )=u(f()—dy — (1+1)l) (13)
f)—dy —-(1+r)>0 (14)
f)—dy—(1+r)=0 (15)

f)—dy — (1+0I<0 (16)




384 Kin He

L Moral Hazard Contracting and Credit Rationing
— 0. ODaque Credit Markers
fl)—d, —(1+r)>0 (17)
f)—dy—(1+r)=0 (18)
Optimization problems:
Maximize @(l,r,e; ey ) s.t. (12), (13) and (14), (P1)
Maximize ¢(l,r,e;) s.t. (12), (16) and (17), (P2)
Maximize (l,r,e; ey ) s.t. (12), (13) and (15), (P3)
Maximize (l,r,e, ey ) s.t. (12), (13) and (18), (P4)
Maximize ¢(l,r,e;) s.t. (12) and (18), (P5)
Maximize ¢(l,r,e;) s.t. (12). (P6)
Quantities:

I is as defined in Lemma 1; €],r; are the unique solution to the equa-
tions (3') and (9"); e, r;; are the unique solution to the equations (3*) and (9%);
r** is the unique optimum solution to problem (P1) as given in the following
Lemma 4.

We also use the following notation: [Maximize Q(x) s.t. (1), (2),...,(n)] de-

notes the maximum value of the corresponding maximization problem if an opti-
mum solution to this problem exists; similarly for the notation [(P)] where (P) is
the name of a maximization problem.

Lemma 4. Assume dy; < h*. The maximization problem (P1) has a unique

satisfies min{r/,ri} < r* <max{r/,r;}.
Proof. See Appendix.

With these preparations we are now in a position to characterize the pool-
ing and semi-separating SPE of the screening game. This is accomplished in
Theorems 5 and 6. Recall that we are searching for the lender’s best strategy in

the set Dy U D, . Note also that since f(I")—dy—(1+max{r/,ry})[" >0 implies
dy < h*, the latter condition is not imposed in Theorem 5, while it is needed in
Theorem 6 because it is not implied by the condition in Theorem 6, namely,
f(I")—d, —(1+min{r/,r;})I" <0.
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Theorem 5. If f(I")—dy—(1+max{r/,r,})I" >0, then there is a unique
SPE outcome of the screening game, which is pooling. In the SPE, the lender of-
fers both borrower types the same two contracts (I',r’) and (I',r"), where
,ry=U"r") and (I",r")is such that f(I")—d, —(1+r )I" <0 ; both borrower
types accept the contract (I',r'); both borrower types receive positive expected
utility and the lender earns a positive expected profit in the second period.

Proof. Consider first what is the best the lender can do, if his strategy

choice is restricted to those in D5 . Since, in D5 , the two borrower types accept

the same one contract, the lender need not worry about the other contract in his
offer that is not accepted; he can make sure neither borrower type will accept the

other contract (/',r') by making f(I")—d, —(1+r" )I" <0. Hence, noting that
f)—dy —(1+r)/ >0 implies f(l)—d, —(1+r)/>0, the lender’s objective essen-
tially is to solve problem (P1), if his strategy choice is restricted to D5 . Now, con-
sider what the best the lender can do, if his strategy choice is restricted to D; .
Again, the lender can just concentrate on the contract that is accepted by the L-
borrower, by choosing the other contract (/',r') to satisfy
f(I")—d, —(1+r")I" <0 so that no borrower type will accept this contract. So,

essentially, the lender’s objective is to solve problem (P2), if his strategy choice
is restricted to D .

Under the following condition of the Theorem:
(I —dy —(A+max{r/,ry)I >0 (19)

problem (P1) has a unique optimum solution as described in Lemma 4, and thus
the value [(P1)] does exist. Consider the 4-tuple (/,r,e[,&,) where & is given
by g'(éy)=u(f(l )~dy—(1+r,)l ). Then &, >0 by (19). It can be easily veri-
fied that, under (19), the above 4-tuple satisfy (12), (13) and (14). We thus get

¢(/ ,I’L,eL,eH)=EGLI’L/ +EGHI’L/ >§e,_l’L/ ;

and hence
[(POIza(I,r,e],8y) >EeLrL/ (20)

On the other hand, we have, for any (/,r,e; ) satisfying (12), (16) and (17),
that
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o(l,r,e;) < [Maximize ¢(/,r,e;) s.t. (12)] :%eLrLl (21)

Here, the inequality in (21) results from dropping constraints (16) and (17)
from problem (P2). It follows from (20) and (21) that, for any (I,r,e; ) satisfying

(12), (16) and (17), o(l,r,e;)< [(P1)]. Hence, the lender’s best strategy lies in
Dy and in D; only. Lemma 4 guarantees the existence of and gives a pooling
SPE. Q.E.D.

Theorem 6. Assume dy<h'. If f(I")—d, —(1+min{r’,r;})[* <0, then
there is a unique SPE outcome of the screening game, which is semi-separating.
In the SPE, the lender offers both borrower types the same two contracts (I',r’)

_h"-a,

and (I',r’), where I'=1Ir , and (I'’r") is such that

f(I"-d, —(1+r")"<0; the L-borrower accepts the contract (I,r') and the H-
borrower accepts neither contract; the L-borrower receives positive expected util-
ity and the lender earns a positive expected profit in the second period.

Proof. Again we consider the two maximization problems (P1) and (P2),
under the condition of the current Theorem:

f(I*)—d, —(1+min{r},ri)I <0 (22)

Consider (P1) first. If (P1) had an optimum solution, then the optimum so-
lution should be (/*,r*,e;",e;/) as given in Lemma 3. In particular it should sat-
isfy (14), 1. e.,

(Y —dy—(1+r*)>0 (23)

But (23) contradicts (22), since min{r,r;;}<r* and d, <dy. Therefore
(P1) does not have an optimum solution under (22).

Now consider problem (P3), which is the same as (P1) except that the
constraint (14) is replaced by (15). Since (P1) does not have an optimum solu-
tion, constraint (15) must be binding at any optimum solution of (P3). Thus (P3) is
equivalent to (P4). For (P4), constraints (13) and (18) imply ey =0. Since

¢(ls r, €L,0) = ¢(l, r, €L) , we haVe
[(P3)] = [(P4)] = [Maximize ¢(/,r,e;,0) s.t. (12) and (18)] = [(P5)] (24)

Because, as shown above, (P1) doesn’t have an optimum solution, it must
be the case that, for any (/,r,e; ey ) satisfying (12), (13) and (14),
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o(l,r e, e4) < [(P3)] (25)
And (24), (25) imply that, for any (I,r,e; ey ) satisfying (12), (13) and (14),
o(l,r,e.,e4) < [(P3)] (26)

Next consider (P2). The optimum solution to (P6), (I*,r;’), doesn’t satisfy

(17) because f(I')—d, —(1+1r)[" <0 by (22). Thus (16) must be binding at any
optimum solution of (P2). But once (16) is binding (17) becomes extraneous.
Hence, (P2) is equivalent to (P5). It can be easily shown that (P5) does indeed

h* —dy
T
&, =9 '(u(dy —d,)). This optimum solution of (P5) is also the optimum solution
of (P2), and hence

have an optimum solution  (/",7,,€) where F = and

[(P5)] = [(P2)]. (27)

To summarize, we have shown, for any (/,r,e;,ey) satisfying (12), (13)

and (14), that ¢(/,r,e;,ey) < [(P2)] , by (26) and (27). From this we see that, un-
der (22), the lender’s best strategy lies in D; and in D; only, and is given by

(I",r;) as defined above. This leads to the semi-separating SPE outcome as de-
scribed in the present Theorem. Q.E.D.

5. Credit Rationing and Credit Forcing

In this section we investigate the implications of Theorems 5 and 6 for
credit rationing. As mentioned in the Introduction, with variable loan size type |
credit rationing becomes a possibility. Clearly, the result of Theorem 5 implies no
type Il credit rationing because both borrower types receive a loan of size /* at

the interest rate r™. A natural question, then, is whether at the quoted interest
rate the loan size is a desirable one from the borrowers’ perspective and, if not,
in what direction it is distorted.

An i-borrower’s expected second-period utility, when accepting the loan
contract (/;,r; ), is given by E["® , the maximum value of

Ei=e-u(fli)-di—(1+r)l;)-9g(e;).

By Lemma 4, E"™® is an increasing function of u(f(l;)—d;—(1+r)l;),
which in turn implies that it is an increasing function of f(l;)—d; —(1+r;)I;, since
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u itself is increasing in wealth. Thus, the most desirable loan size for an i
borrower, at interest rate r,=r", is the one which maximizes

f(l,)—d; —(1+r”")I,. Denote it by I;. Then I satisfies the first-order condition
f’(7,)=1+ r . From Lemma 2, /*, the loan size granted to the borrower, is such

that (") =1, from which we see l~, > 1" because f”<0. Therefore, the loan size

the borrower obtains from the lender exceeds his most desirable size and, in-
stead of type | credit rationing, credit forcing arises in this situation, i. e., with only
two contract offers to choose from the borrower is «forced» to accept a loan that
is larger than her optimal level of investment given interest rate. Since by our as-
sumption about the borrower’s production technology her effort level does not
depend on the size of input, it should be clear that credit forcing arises here not
because a larger loan entails more effort, but rather it is due to the decreasing-
returns nature of the production technology.

Credit forcing also occurs with the L-borrower in Theorem 6; at the interest

, h —dy

rate r’'= she would like to have a loan smaller in size than /* but is

«forced» to accept a larger one. The H-borrower, on the other hand, suffers from
type Il credit rationing: the loans available from the lender come at unacceptable
terms, and as a result she opts out of the market. The situation here conforms
exactly to the definition of type Il credit rationing: among a population of observa-
tionally indistinguishable borrowers from the lender’s point of view, some obtain a
loan from the lender while others do not. This, of course, is a consequence of the
asymmetric information between the lender and the borrower. It is most clearly
seen by comparing the current situation with that in Theorem 3 where, for the

same range of parameter values (i. e, dy<h and

f(I"y—d, —(1+min{r/,r;})I" <0) and without informational asymmetry, the H-
borrower would have obtained a loan offered by the lender. It is worth mentioning
that the situation in Theorem 2 does not constitute a case of type Il rationing per
se because, although there is complete exclusion of the H-borrower from the
market, the two borrower types are nevertheless distinguishable from the
lender’s point of view.

At this point it is appropriate to contrast our results with those in DeMeza
and Webb (1992). In an environment with symmetric information and without
moral hazard, they show that a type | credit rationing (or forcing) outcome might
be socially efficient. In comparison, consider the credit forcing outcome that oc-
curs in our environment. Although this outcome may not be socially efficient in
the first-best sense, it nevertheless leads to a constrained optimum level of in-
vestment. This can be seen from the fact that with unobservable debts the loan

size is the same as that with observable debts (both at /*). That /* may not be
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the socially efficient level of investment is, of course, due to the unobservability of
borrowers’ effort choice and the accompanying moral hazard activity which is ab-
sent in the environment of DeMeza and Webb. Thus one may call the phenom-
ena in Theorems 5 and 6 «efficient» credit forcing though the term efficient
should be interpreted in a constrained (i.e. second-best) sense.

Besides the efficiency issue our results and those in DeMeza and Webb
(1992) stand in contrast on two other issues. They show that credit rationing is
impossible with a monopoly lender. Of course, with their exclusive focus on type |
credit rationing; type Il rationing is left out of the picture. In contrast, our analysis
shows that with asymmetric information type Il credit rationing could well be a
possibility. However, if we return to the environment of symmetric information
(Theorem 3), then type | credit rationing does disappear and instead there is
credit forcing by the monopoly lender. They also claim that, in their environment
of competitive lenders, if the lenders cannot observe borrowers’ total indebted-
ness or ensure the priority rule for debt repayment there is no point in an individ-
ual lender rationing credit. In our environment of a monopolist lender, however, it
is exactly because of these two constraints that cause the lender to ration credit”.

6. Concluding Remarks

In this paper we make a first step in the literature to explore a hybrid model
of credit rationing with multidimensional incentive structure. For a range of differ-
ent parameter values we fully characterize the subgame perfect equilibria of the
loan contracting game. Under certain parameter values there is type Il credit ra-
tioning for one borrower type and credit forcing for another. Credit forcing is
shown to be efficient in a constrained sense. By the standard of the existing lit-
erature on the subject our model is a fairly general one with multi-dimensional in-
centive structure, endogenous project risk and variable loan size.

In future research it might be desirable to study a model in a competitive
environment with essentially the same features as the present one. As indicated
by the analysis in Gale and Hellwig (1985) the divide between a monopolistic set-
ting and a competitive one may not be as stark as it appears, as far as deriving
the optimal contract is concerned. Indeed, by incorporating an additional zero-
profit condition for the lender into the constraints of the corresponding maximiza-
tion problem, optimal contract can be derived in much the same way as it is for
the monopoly case. The real challenge lies in the game-theoretic formulation of
competition in contracts when there is multi-dimensional informational asymme-
try, as the anomalies (e. g., the non-existence of equilibrium) in Hellwig (1987)

° On this issue our result is similar to that of Longhofer (1997) who investigates how
absolute priority rule violations in financial markets cause or exacerbate credit rationing.
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would suggest. The issue is further complicated by the findings of Parlour and
Rajan (2001) which call into question even the zero-profit assumption in a com-
petitive credit market. We certainly do not expect the task of game-theoretic
modeling in such an environment to be an easy one.
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Appendix

Proof of Lemma 1

For sufficiency, it suffices to show: the borrower’s maximum expected util-
ity by accepting the loan «contract (/;,r;) is strictly positive if

fl;)-d;—(1+r;)l; >0.
If the borrower accepts the contract (/;,r;)and chooses an effort level g;
then her expected utility, under limited liability, is given by
E; = Elu(max{f(/;)Z(e;) - d; - (1+1;))/;,0) - 9(&;) | €]
=e;-u(max{f(l;)—d; —(1+r;)/;,0}) - 9(e;) .

If f(l;)-d;—(1+nr;)l; >0, then E;=¢;-u(f(l;)-d;,—(1+r;)l;)—9(e;), and E;
attains its maximum at the solution, &; , to the equation

g’(ei)=u(f(/i)_di_(1+ri)/i) (A1)

with the maximum value

EM™ =& -u(f(l;)-d;—(1+r;)l;)-9(&;) (A2)

It remains to show: (i) a solution to (A1) exists and is unique, and (ii)
E"™ >0.

Recall the properties of g: g(0)=0,g(1)=,9'(0)=0, and g >0. It fol-
lows immediately that g is strictly increasing and g'(e)>0 for 0<e<1. We
show that g  is unbounded above. Suppose, to the contrary, that g <M for
some M >0. Then, by the mean-value theorem, for any 0 <e <1, there exists
e, with 0<é<e, such that g(e)=g(e)-g(0)=9'(é)-(e-0)=g'(é)-e. But then
we have g(e)=g'(é)-e<M-1=M for any 0<e<1, contradicting the assump-
tion g(1)=. Hence g is strictly increasing and unbounded above, which im-
plies that (A1) has a unique solution & >0, by the intermediate-value theorem,
the continuity of g, the assumption g'(0)=0, and the fact that
u(f(l;)-d; —(1+r; )l;)>0 (which follows from the properties of u). This proves (i).
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To prove (i), use again the mean-value theorem. By this theorem, there exists
&,with 0<&<#é,,suchthat g& )=g(é )-g(0)=g (6)-(6,-0)=g (&)- & which,
when substituted into (A2), yields

EP® =& - (u(f(l;)—d; —(1+r)l;)-g'(6)) =&-(g' (&) - g (8)) >,
using (A1) and since & >0, € <§&;,and g is strictly increasing. This proves (ii).

For necessity, note that if f(l;)-d;—(1+r;)/; <0, then E; =—g(e;), and
the maximum of E; obtains at e; =0 with the maximum value 0. The proof is thus
complete. Q.E.D.

Proof of Lemma 3
The maximum T; of t;,(e)= eB; — g(e) obtains at e; , the unique solution to
equation t;(e)=B;-g (e)=0, i=1,2.1f B, >B,, then it follows from g" >0 that
e, > e, . By the mean value theorem, there exists €, with e, > € > e, , such that
ale;)-g(e,)=9 (6)(e;—e,),
which together with B, = g'(e,) and the fact that g' >0 imply
eB, —e,B, >Bi(e,—€,)>9 (6)(e;—e;)=9g(e;)-gl(e,).
or,
eB-g(e))>e,B, -g(e; ).

Thus we have shown that if B, >B, then T, >T,, from which all conclu-
sions of the Lemma follow. Q.E.D.

Proof of Lemma 4
We re-state here the maximization problem (P1):

Maximize ¢(l,r,e,,e,) = %eLr/ N %eHr/

S.t
g'(e,)=u(f()—d, - (1+1)]) (12)
g (ey)=u(f()—dy —(1+1)]) (13)

f)—dy —(1+r)I >0 (14)
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We are done if we can show the current maximization problem with the
equality constraints only (i.e., with constraint (14) dropped) has a unique opti-
mum solution which also satisfies the inequality constraint (14).

Denote by A, and A, the Lagrangian multipliers associated with the con-

straints (12) and (13) respectively. Then the conditions for the optimization prob-
lem are

%(eL ey )= MU (f)—d, —(1+0)= Al -u (F()—=dyy = (1+1))) =0 (A3)

-%&L+eHN—AJﬁ+U—fm)UWW—dL—ﬁ+00 (A4)
—M((A+0)=f()-u (f)—dy —(1+1)])=0,

- hg'(e)=0 (AS)

1 "
Er/—)\zg (ey)=0 (AB)

together with constraints (12) and (13).

From (A3) and (A4) we get f()=1, which by Lemma 2 has a unique solu-
tion / = /*. Substitute this into (A3) and we have

;eL+eH - - u'( —d, —(+nl)=2-u( —dy-(1+r))=0 (A7)

We showed in the proof of Proposition 1 that with /= /* (12) uniquely de-
fines e, as a decreasing function of r:

e, =py(r) (A8)

and similarly with / =1/ (13) uniquely defines ey as a decreasing function of r :

ey = pa(r) (A9)

Now (A7), (A8) and (A9) together with (A5) and (A6) (with /= /") yield
o1 . .
(e, +ey)—H [——u(f(l)-d, —(1+ 1)) (A10)
T ey ;
+ 1 U(f(ly—dy—(1+r))=0
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We next show that the system of equations (A8), (A9) and (A10) has a
unique solution (r* e;*,ei7). To do this, substitute (A8) and (A9) into (A10) to get

« 1 « «
= = [ U(f(I") ~d} = (14 1) At
p(r)=pi(r)+ py(r)=n [g”(p1(r))u(( )=d =(+nl) (A11)
1 « «
— (")~ dy ~ (14 1) )] =
+g”(p2(r))u(( )=dy =1+ r)l)]=q(r)

Then, by the properties of g”,u’,p, and p, , we see that g is an increasing
function of r while p is a decreasing function of r. Recall the quantities, r;" and ry;
and the corresponding €, and e;,, defined in Section 4. Without loss of general-

ity suppose 1] < r,f,. Also, recall two equations from Section 3:
eg’(e)=r U (f(l)—d, —(1+r)l) 9)
eng’(en) =l U(f(I") = dy = (1+ 1)) (9%

Then we get from the analysis in Section 3 that

py(r.) =1l [— V(R —d, =+ 1)) (A12)

9 (pi(r))
and, by the properties of g”,u” and p,, also that
P18 (P, (1)) > py (178 (P ) = rg ' (f (1) =dyy = (A4 1,)1)  (A13)
> U = dy — 1+ 1))
or equivalently
1

po(r) > 1l I ———U/(F(I') = dy = (14 1)]")] (A14)
9" (Po(11))
From (A12) and (A14) it is clear that (cf.(A11))
plr)>q(r,) (A15)
In exactly the same manner we can show
plr) > q(ry) (A16)

From (A15) and (A16), by the intermediate-value theorem and the fact that
g is an increasing function of r while p is a decreasing function of r, we see that

there exists a unique solution r’ to equation (A11). Thus, defining ez* = p1(r**)

and e; = p2(rH), we have found a unique solution to the system of equations
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(A8), (A9) and (A10). Clearly, r <r*™<r;. Finally, since it is clear that
ey > ey >0, it follows from the properties of g’ and u that the unique optimum

solution to the problem with equality constraints (with | = /") also satisfies (14).
Q.E.D.
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